Periphery deformations and tunneling at correlated quantum-Hall edges 
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We argue that, at any filling factor v, correlated quantum-Hall systems possess a set of chiral 
boson excitations which are generated by electronically rigid deformations of the system's periphery. 
We submit that tunneling electrons can be accommodated, at low energies, in these systems only by 
periphery-deformation excitations. This property would explain the recent observation of a tunneling 
density of states at the edge which does not exhibit a strong dependence on the occurrence or absence 
of the quantum Hall effect and has a power-law dependence on energy with exponent v~ — 1. 

PACS number(s): 73.40. Gk, 73.40.Hm 
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Experimental and theoretical studies of two- 
dimensional (2D) electron systems in strong perpen- 
dicular magnetic fields, have uncovered a rich body of 
many-particle physics.D For magnetic fields sufficiently 
strong and densities sufficiently low, electrons occupy 
only states in the lowest Landau level (LLL) which have 
identical kinetic energiesB In this zero-band-width cor- 
relation problem, interactions alone control the low- 
energy physics. We refer to this strong-field regime for 
2D electron systems as the quantum-Hall regime, after 
the transport anomaly that occurs at certain fractional 
Landau-level filling factors v, including-.^ = 1/m with 
m odd. The quantum Hall effect occursa when the elec- 
tronic system is incompressible, i.e., when there is a finite 
energy gap for particle-hole excitations in the bulk and 
low-lying excitations are localized at the boundary of 
the finite 2D electron system.Q The edge electrons then 
constitute a particularly intriguing realization of a one- 
dimensional (ID) electron system. El In the simplest case, 
they are described by a chiral-Luttinger-liquid (xLL)til 
model which contains only the right-moving degrees of 
freedom of a conventional ID electron system. The chi- 
ral attribute is permitted because the magnetic field 
breaks time-reversal symmetry. The xLL model predicts 
that the electronic tunneling density of states (TDOS) 
at fractional filling factors vanishes as a power law at 
small energies. The simple X-LL model is expected to 
apply only for v — 1/m with m odd and, even then, only 
when the_2jD electron system has a sharp edge. More 
generallyjjfl the edge system is expected to be described 
by generalized ID electron models with several branches 
of chiral ID excitations present. 

The present work is motivated by recent experimental 
studies of tunneling into fractional-quantum-Hall (FQH) 
edges. AtJilling factor v — 1/3, the low-energy TDOS 
was foundEI to vary approximately as 
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in agreement with predictions based, on xLL the- 
ory. However, subsequent experimentsE3 found that the 
TDOS is described by Eq. (|l|) equally well over the en- 
tire range 1/4 < v < 1. This experimental result requires 



fine tuning of parameters in order.-ta-be consistent with 
generalized xLL and other modelsU'EJ which have been 
proposed for edges at v ^ 1/m. Most surprising, the 
power-law behavior was found to be insensitive to the 
occurrence or absence of the quantum Hall effect, even 
though the very use of a ID model for the microscopic 
electron physics springs from the excitation gap in the 
bulk of the 2D system. The simple single-branch xLL 
model appears to apply in circumstances where it had 
seemed clear that it could not apply. These important 
experiments have spurred intense theoretical effortE3~t3 
aimed at resolving this puzzle and identifying the char- 
acter of the revision apparently required of FQH edge- 
physics theory. 

In this article, we propose an explanation for the exper- 
imental results which is based on two key observations. 
First, at filling factors v < 1, strong and subtle correla- 
tions exist in the bulk of a 2D electron gas, even when it 
is compressible. Tunneling at low energies is extremely 
strongly suppressed because states with an uncorrelated 
electron inserted or removed are nearly orthogonal to 
the low-energy states in which all electrons are strongly 
correlatedll3 This property is established by bulk 2D-2D 
tunneling experimentscH which manifest a wide gap in the 
TDOS at all values of v. Like their edge counterparts, 
bulk-TDOS results exhibit surprisingly little dependence 
on the occurrence or absence of the quantum Hall effect. 
Second, in any finite quantum-Hall system, there exists 
a series of low-energy excitations which are generated by 
electronically rigid deformations of the system periphery. 
We will refer to these as •periphery- deformation (PD) ex- 
citations. We propose that in systems where the con- 
fining potential is smooth enough that electrons remain 
strongly correlated at the edge, tunneling electrons can 
be accommodated, at low energies, only by periphery de- 
formations. In the following, we explain why PD excita- 
tions are generic, and establish the properties underlying 
the edge-TDOS observations. 

Our analysis rests squarely on the nature of the restric- 
tions placed on electronic correlations by the requirement 
that all electrons lie in the LLL. This constraint is con- 
veniently expressed in the symmetric gauge, for which 



1 



the LLL single-particle wave functions have the follow- 
ing simple form: 
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Here, 2 := a; — is the complex 2D coor dinate, m is 
a non-negative integer, and £ :— \Jficj\eB\ denotes the 
magnetic length. We assume a finite FQH system that is 
homogeneous throughout its bulk, which we take for the 
moment to be a circular droplet of radius R. We start by 
describing the low-energy excitations generated by pe- 
riphery deformations which can be expressed as linear 
combinations of the following basis functions: 

*{!*}[«] =Q{m}[z] *oN , (3a) 

where "Jo [ z ] is the ground-state many-particle wave func- 
tion, and 
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is a symmetric polynomial in the complex coordinates 
Zj with homogeneously degree M = yV m-,- . The sum 
is over permutations P of the particle indices. These 
polynomials are in one-to-one correspondence with the 
many-body states of a LLL Bose system. We restrict our 
attention to states of the form (|3a|) for which M <C y/N, 
where N = vR 2 / (2£ 2 ) is the total number of electrons in 
the system. Note that all these states have total angular 
momentum greater than that of the ground state. 

The properties we require follow from matrix elements 
of correlation-function operators between the states de- 
fined in Eq. (j3a|). For example, consider the one-particle 
density matrix for which 

. , Z N ) *o(^', Z~2, ■ ■ ■ , Zn) Q{m}(z, Z 2 ,..., Z N ) ^q(z, Z 2 , . . . , Z N ) 
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A key observation necessary for the evaluation of these matrix elements is that the dependence of the symmetric 
polynomials on the complex coordinates is slow compared to that of ^o^]- The integrals can be evaluated by a 
coarse-graining procedure in which the integration areas for each coordinate are divided into subareas whose size is 
large compared to the correlation length in the electronic ground state but small compared to the length scale on 
which Q{ m }[z] varies significantly. This is possible since the correlation length is ~ £, and the typical relative change 
in *5{m}[ z ] on this scale is ~ m max £/i? -C 1. Here, m max < M is the maximum power of an individual complex 
coordinate in Q{ TO }|V]. Taking the symmetric polynomials outside of the integrals within correlation areas, neglecting 
correlations in ^o[z] between different correlation areas, and invoking homogeneity in the bulk of the 2D system, we 
obtain 
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where po(z, z') is the expectation value of the one-particle density operator in the ground state. We have defined J dk 
in the above equation as the average for the coordinate with index k over the circular area inside of which the electron 
system is uniform. The weighting factor for this integral is constant because of the uniformity of the electron system 
and is not exp(— |z/c| 2 )/(2£ 2 ) as it would be if we were evaluating matrix elements of the density operator between the 
corresponding LLL boson states. 
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R k /(irik + 1), the matrix elements in Eq. (Hq) are zero unless the sets of angular 



momenta in {m'} and {m} are identical: 

(*{m'} | P(z, z') | *{ m }) = p (z, z') 
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Our final result then follows from the observation that, since mi — M -C v~N -C N, mp 1 in Eq. ( |4c| ) is almost 
always zero, allowing the factor in square brackets to be replaced by unity with at least l/yN accuracy. For any 
macroscopic sample, p(z, z') can hence be replaced, in the PD subspace, by a constant equal to its expectation value 
in the ground state. This conclusion holds as long as z and z' are in the interior of the sample. We discuss the 
edge properties of these wave functions below. A similar argument can be used to show that, within this subspace, 
the two-particle correlation function, and hence the interaction Hamiltonian, can be replaced by a constant equal 
to the interaction contribution to the ground-state energy. It follows that the energy of PD excitations is, to a 
good approximation, entirely due to changes in the interaction of electrons with the external potential confining the 
electrons in the sample. 
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To make connection with ID electron-gas models, it , , _ exp{ikx} exp { — (y — £ 2 k) 2 /(2£ 2 )} 

is useful at this point to switch to a Hall-bar geometry L 1 / 2 [tt 1 / 2 i) 1 / 2 ' 

and to the Landau gauge in which the LLL orbitals are 

plane waves along the edge and are labeled by a ID wave The second-quantized operator for the 2D electron num- 

vector k: ber density in the Landau-gauge representation is 



-2D, \ 1 j. x r f ,2, A ^ \^ cxp{-{y-k£ 2 ) 2 /£ 2 } f 

n \x,y) = - 2^exp{i 9 a;} exp{-{q£) /4} ^ ^17^ c k+ q /2 c k- q /2 ■ (6) 



We define a ID edge density-operator p 1D {x) for the 2D 
electron system by integrating Eq. (^|) from a reference 
point located in the bulk, at y = —Y < 0, across the 
edge, assumed to be near y — 0, to infinity. Its ID Fourier 
transform has the following form: 
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which represent electronically rigid periphery deforma- 
tions of the 2D ground-state density profile. That the lat- 
ter is true is seen simply by calculating the 2D electron- 
density profile in such a state; 

5nf{f) = (* 9 fa) | n 2D (r) | *,(»,)) - (*„ | h 2D (r) | * ) , 

(11a) 



dy exp{-(y-^fc)7^} 
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The function Ik increases monotonically with k, ap- 
proaching zero for k£ + Y/i <C —1 and, unity for k£ + 
Y/£ 3> 1. In the PD subspace, we havala q£ <C 1, allow- 
ing us to drop the exponential factor in Eq. (7a). Sub- 
sequent calculations require the following result for the 
edge density operator in the PD subspace: 
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Equation (8a) follows since c\,Ck is the Landau-gauge 
second-quantized form for the one-particle density- 
matrix operator, and can therefore, in the PD sub- 
space, be replaced by its ground-state expectation value, 

<*o I c{,c k | ¥„} = v5 k ',k- 

We have argued above that only the external-potential 
part of the electron Hamiltonian contributes non-trivially 
to the projection of the Hamiltonian onto the PD sub- 
space. Linearizing the dispersion relation for electrons 
in the LLL, we obtain, up to a constant term, for the 
PD-cxcitation sector of the Hamiltonian, 
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where the velocity vf — (£ 2 /h)dV c ^ t / dy\o- We see that 
the operators /5j D and p 1 ^ are proportional to creation 
and annihilation operators which can be used to generate 
many-particle eigenstates in the PD subspace. 

We now turn r-to a discussion of the periphery- 
deformation statesc2l defined by 



with the 2D coordinate vector denoted by r — (x,y). A 
straightforward calculation yields 

5nf{r) = n™{ x ,y- 2n£ 2 Q f{x)/v) - n 2 »{x,y) , 

(lib) 

where n 2D (r) = (* | n 2D (r) | is the 2D electron- 
density profile in the ground state, and g q B (x) = 
(^f q (r]) | p 1D (x) | * 9 (t?)) is the expectation value of th e ID 
density operator. Note that the derivation of Eq. ( |llb| ) 
requires only the definitions of the 2D and ID density 
operators [Eqs. (|^) and (7a)], and momentum conserva- 
tion. 

To this point, we have discussed only PD excitations 
of the ground state. At general filling factors, a large 
number of many-particle states representing excitations, 
not generically localized at the surface, with strong cor- 
relations slightly altered from those of the ground state 
will occur at low energies. PD excitations can occur for 
any of these states. The line of argument outlined above 
implies that Eq. ( pb| ) holds within each of these PD sub- 
spaces and that there are no matrix elements of the com- 
mutator between subspaces; the low energy Hilbert space 
is thus the direct product of the PD space and a space of 
modified correlation excitations. We submit that in 2D 
electron systems with correlations that are locally strong, 
even at the edge, a tunneling electron can be accommo- 
dated, at low energies, only by creating a periphery defor- 
mation. We base this assertion on the observed absence 
of tunneling at low energies in the bulk of a strongly cor- 
related 2D system at any filling factor. The PD state 
for a deformation which accommodates charge Q and is 
centered on the origin is 



\ip[rj\) = exp ji bqPq B 
<?>o 



fj q p^ 



} |*o) 



(12a) 



3 



where 
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We remark that I^M) wm contain states outside of 
the PD subspace if p 11 ^ for positive q does not an- 
nihilate l^o), but these will not contributed to the 
zero-temperature low-energy projected spectral weight 
of IV'M)- For a state containing one added electron, 
the latter is readily calculated by evaluating the inner 
products between I^M) and PD-subspacc Hamiltonian 
eigenstates. We find that 
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where T(£) denotes Euler's Gamma functions-It is easy to 
see that Eq. (13) is the finite-size equivalent^ of Eq. (@). 

Our proposal can be described in terms of a common 
cartoon for the microscopic physics which underlies gen- 
eralized xLL models for quantum-Hall edge physics. The 
various x^L branches can be associated with compress- 
ible strips in the boundary layer between an incompress- 
ible bulk and vacuum. A tunneling electron is assumed 
to be able to join any of these branches. We are suggest- 
ing that, for the strongly correlated edges which seem to 
be realized in recent experiments, adding an electron to 
a particular incompressible strip would strongly disrupt 
electronic correlations and, as occurs in the bulk at all 
filling factors, yield states with no low-energy projection. 
On the other hand, additional charge can be accommo- 
dated in periphery deformations with little change in lo- 
cal correlation functions. If this is the case we are led, 
for Q = e, to identify the operator acting on | ^o) in 



Eq. (12a) to yield | ip[r]]} as the low-energy projection of 
the electron creation operator. This object is indeed rem- 
iniscent of the bosonized electron-creation operator in a 
conventional ID electron system.c30 (A related expres- 
sion for the 2D electron operator in terms of density fluc- 
tuations can be derived in a hydrodynamic approach.Ej) 
We observe that this operator does not necessarily obey 
the Fermi-statistics anticommutation relation which is 
satisfied by the unprojected electron creation operator. 
This contrasts with generalized x^L theories of incom- 
pressible edges, where statistical compliance is used to 
limit the objects which can appear in expressions for the 
projected electron creation operator. If our suggestion 
is correct, this requirement is not generic. Indeed, it 
is not obvious that it should be since, at least for corre- 
lated edges, it is not possible to exchange electrons within 
the low-energy sector of an edge-state theory. Also, the 
absence of a non-interacting system that is adiabati- 
cally connected to a xLL obviates the requirement to 
recover such a limit in bosonized expressions for corre- 
lation functions. Our conclusion appears to be similar 
to that reached in a recent fieldtheoretic studynJ jQp the 
other hand, plausible arguments can be advancedlla that 



the temperature scales reached by current experiments 
are still too high for the increase in tunneling exponents 
forced by Fermi-statistics compliance to be visible, aU 
though a rough estimate based on accurate evaluationsc3 
of edge- mode velocities for an abrupt edge at v = 2/3 
suggests that this cut-off temperature should be ~ 0.5 K, 
which is an order of magnitude larger than the experi- 
mental base temperature. Experiments on samples with 
tunable confinement potentials could resolve this ques- 
tion more decisively. 
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